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Abstract

This paper examines systems of poly-harmonic equations of the Hardy—
Sobolev type and the closely related weighted systems of integral equations
involving Riesz potentials. Namely, it is shown that the two systems are equiv-
alent under some appropriate conditions. Then a sharp criterion for the exis-
tence and non-existence of positive solutions is determined for both differential
and integral versions of a Hardy—Sobolev type system with variable coefficients.
In the constant coefficient case, Liouville type theorems for positive radial so-
lutions are also established using radial decay estimates and Pohozaev type
identities in integral form.
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1 Introduction and the main results

In this paper, we examine weighted systems of integral equations involving Riesz potentials
of the form

1 -
ul(l') - /]Rn Wfi(yuul(y)au2(y)7 cee ,UL(y)) dy? 1= 1727 .. 'JLJ (11)

where n > 3, 2 € R", « € (0,n), 0; € [0,«) and f; is smooth with respect to its variables.
System (I.I)) is closely related to the system of pseudo-differential equations involving frac-
tional Laplacians

(_A)Ot/?,ui = |$|*Ui f’L(‘Iv U, U2, ..., UL) in Rn\{o}a (12)
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and we shall determine the suitable conditions in which the two systems are equivalent. One
reason for examining this general family of systems is to establish and extend results for the
system of integral equations of the Hardy—Sobolev type with variable coefficients,

q
u(z) = 1 () / S ——
o | =yl y[7 (1.3)
o(@) =ea(a) [ — g,
ge [T —y[Pyloz

including its corresponding system of differential equations

(~8)2ue) = e0) T R\ (o)
I )
(=A)*2u(z) = co(x) in R™\{0}.

|72

Here the variable coefficients ¢1 (z) and ca(z) are taken to be double bounded functions where
a function ¢(x) is said to be double bounded if there exists a C' > 0 such that 1/C < ¢(x) < C
for all x € R™. In particular, we establish an optimal or sharp criterion for the existence
and non-existence of positive solutions for the integral system ([3]), thereby obtaining an
analogous sharp existence result for the differential system ([4]). Our pursuits are inspired
by the classical result which states that the scalar equation

— Au(x) = u(x)?, z € R" (1.5)

admits positive classical solutions whenever p > Z—fg but has no positive solutions if p €

(1,2£2) (see [2, [16, (I7]). Basically, this asserts that the exponent p = 2£2 is the divid-
ing number that provides a sharp criterion for distinguishing between the existence and
non-existence of solutions. Also, the qualitative analysis of such elliptic problems has many
applications. The classification of solutions for (5 has provided an important ingredient
in the study of the Yamabe problem and the prescribing scalar curvature problem. In the
critical case p = Z—f%, Gidas, Ni and Nirenberg [15] proved the radial symmetry and mono-
tonicity of positive solutions for () under the additional decay assumption u = O(|z|>~™).
In [2], Caffarelli, Gidas and Spruck removed this decay assumption and proved the same
result. Chen and Li [8] and Li [22] later provided simplified proofs of these results using the
method of moving planes and the Kelvin transform. We also mention that the significance
of the Hardy—Sobolev systems lies in the fact that they serve as the “blow-up” equations
for many related nonlinear systems of partial differential equations (PDEs). Namely, results
on the non-existence of positive entire solutions, often called Liouville type theorems, are
essential in deriving a priori estimates and asymptotic and regularity properties of solutions

for a large class of nonlinear elliptic equations.

Let us discuss some other notable examples within the family of Hardy—Sobolev type
systems. If @« = 2, 0; € R and ¢1,c2 = 1, then system ([4) reduces to the Hénon-Lane—
Emden equations, which provides a model for rotating stellar clusters in astrophysics [19]
(see also [B] 291 [30] and the references therein). In the case where a € (0,n), 01,02 = 0 and
c1,c2 =1, system (L3) becomes the well-known Hardy—Littlewood—Sobolev (HLS) system

_ v(y)?
o= e "

u(y
v(z) = —— dy,
(@) re |2 =y Y



which arises as the Euler-Lagrange equations for a functional related to the fundamental
Hardy-Littlewood—Sobolev inequality (see [18], 24} 34]). Its corresponding system of psuedo-
differential equations is the Lane-Emden type HLS system

{ (—A)O‘/2u(:17) =v(z)? inR",

(—A)a/2v(x) = u(z)? in R™ (1.7)

If & € (0,n) the critical Sobolev hyperbola, h(p, q) := qu + ﬁ = =2 is known to play a
key role in the existence criteria for the unweighted HLS systems. More precisely, the HLS
conjecture [4] states that (L6) admits no positive classical solution under the subcritical
case h(p,q) > “==. Even in the case where o = 2, the conjecture, better known as the
Lane-Emden conjecture, remains a long-standing open problem; however, partial results
are known. For instance, the Lane-Emden conjecture has been verified for radial solutions
(see [28]; see also [4, 26] for when « > 2), for dimensions n < 4 (see [31], [32] [33]), and for
n > 5 but for certain regions below the Sobolev hyperbola (see [T, 14} 28, [33]). On the other
hand, the existence of positive solutions in the critical case h(p,q) = 2=2 follows from a
variational argument used in finding the best constant in the HLS inequality [24]. In the
non-subcritical case where « is an even integer, the authors in [23] and [25] obtained the
existence of positive solutions for the poly-harmonic HLS system (7). In [35], the author

also obtained existence results for the weighted system (4.

In the scalar case where u = v, p = ¢, 01 = 03 = 0 and ¢1,¢ca = 1, system (3] reduces
to the weighted integral equation

u(gc)z/]R %dy. (1.8)

n |z —y[rmelyle

When a« = 2 and p = ”*%;2", this equation is closely related to the Euler-Lagrange
equation for the extremal functions of the classical Hardy—Sobolev inequality (see [3] [6]).
In the unweighted case i.e. ¢ = 0, the Liouville type properties and the classification of

positive solutions for (I8 and its corresponding differential equation,
(=A)2u(x) = u(z)?, = € R", (1.9)

was established in [10]-[12], thus extending the aforementioned classical results for equation
(C3). For instance, it was shown that every positive regular solution of the equation with
the critical exponent p = 2% assumes the form

n—oa

n—a

)\ 2
w(z) = en <7A2 o $O|2>

for some positive constants ¢, and A\. We remark that the methods developed in the frame-
work of integral equations have encouraged our studies here since they provide a generaliza-
tion of the differential systems and generate novel ideas and alternative methods, perhaps
leading to new and interesting directions for other related problems.

We are now ready to state our main results, but prior to doing so, let us first specify the
assumptions we place on our general systems. Hereafter, we impose the following conditions
on both systems (1)) and (L2): Let u = (uy,us,...,ur) be a positive solution of either
system and suppose f;(x,u) > 0 and f;(x,0) =0 for x € R and ¢ = 1,2,..., L. Then we
assume that there exist p; > 1, 0 € [0, ) and a positive constant C such that

L L
Z |I|7Uifi(x7ula uz, - .- ,UL) > C|x|*0 Zul(x)pl for = 3& 0. (110)
=1

i=1



The main results of this paper are organized in the following theorems and corollary,
the first of which concerns the equivalence between the system of integral equations and the
system of differential equations.

Theorem 1. Let a = 2k be an even integer. Then the system of integral equations (L))
and the system of differential equations (L2) are equivalent. That is, every positive solution
of (), multiplied by a suitable constant if necessary, is a positive solution of ([L2)), and
ViCe VErsa.

Remark 1. When we refer here to positive solutions of either the integral system (L)) or
the differential system ([[L2)), we mean classical solutions u = (uy,us, ..., ur), whose positive
components belong in C**(R™\{0}) N C(R"), satisfying the system pointwise except at the
origin.

The next theorem establishes the necessary and sufficient conditions for the existence of
positive solutions to the Hardy—Sobolev type system for some double bounded coefficients.

Theorem 2. Let p,q > 0 and 01,02 € [0,«). Then the system of integral equations (L3)
admits a positive solution (u,v) for some double bounded functions c1(x) and ca(x) if and
only if pg > 1 and

- { alg+1)— (o1 +02q) alp+1)— (02 + Ulp)} <n-—ao. (1.11)

pg—1 ’ pg—1
Theorems [1 and Bl imply the following.

Corollary 1. Let o = 2k be an even integer, p,q > 1 and 01,09 € [0,a). Then the sys-
tem of differential equations (L4) admits a positive solution (u,v) for some double bounded
functions c1(z) and co(x) if and only if

max{2k(q+1)_(al+@q) 2k(p—|—1)—(02+01p)} <n—2k.

pg—1 ’ pg—1

Of course, these results hold for the scalar integral equation and its corresponding
differential equation as well and we state them here for completeness sake. The following
theorem, however, is essentially contained in [20].

Theorem 3. Let p > 0 and o € [0,«). Then there hold the following.

(i) The integral equation,
P
u(z) = c(x)/ % dy,
re [T —y[" oyl
admits a positive solution u for some double bounded function c(x) if and only if
p> =7
(i) Let p>1 and o = 2k be an even integer. Then the poly-harmonic equation,

u(zx)?

||

(~A)*u(z) = cf2)

in R™"\{0},

admits a positive solution u for some double bounded function c(x) if and only if
p>

n—a
n—2%k "



The remaining two results are Liouville type theorems concerning radially symmetric,
decreasing solutions for Hardy—Sobolev type systems with constant coeflicients. Here, the
radial solutions are understood to belong to C'L*) (R™\{0})NC(R") where | - | is the greatest
integer function. In view of the equivalence between the differential and integral equations,
these theorems include the non-existence results for the unweighted Lane—Emden type dif-
ferential system (see [26] 28]). Moreover, the results of [35] suggest our non-existence results
for the Hardy—Sobolev differential equation and system are indeed optimal as far as radial
solutions are concerned.

Theorem 4. Let o € [2,n) and 0 € (—oo,a). Then the integral equation
P
o) = [ (1.12)
Rl =y oyl
has no positive radial solution if

—9
0<p< it 20 (1.13)

n—uo

Theorem 5. Let p,qg > 0, a € [2,n) and 01,02 € (—o0,a). Then the system of integral

equations
q
ue) = [
o [T —y[r oy (1.14)
u(y)? )
v(z) = dy,

e |2 — "y
has no positive radial solution if pq € (0,1] or if pg > 1 and
n—oi n— oy
1+4+g¢ 1+p

>n—o. (1.15)

The rest of this article is organized as follows. In Section Bl we begin with several
intermediate lemmas and basic results required in our proof of Theorem [II which we then
provide at the end of the section. Section [3 starts off with a general non-existence result for
the Hardy—Sobolev type integral system followed by the proofs of Theorem 2l and Corollary
[0 The paper concludes with Section ] which provides the proof of both Theorems H and

Remark 2. Throughout this paper, we adopt the convention that C represents some constant
in the inequalities which may change from line to line. At times, we append subscripts to C
to specify its dependence on the subscript parameters.

2 Some preliminaries and the proof of Theorem [1]

A key idea in the proof of Theorem[dlis to multiply the PDEs by a suitable Greene’s function,
integrate on a ball domain of radius R, then send R — oo to show the solutions of the PDE
system satisfy the integral system. However, we need to address some technical issues such as
the super poly-harmonic property of solutions and some integrability properties of solutions.

2.1 Preliminaries

We begin with the super poly-harmonic property for solutions of (2]



Lemma 1 (Super poly-harmonic property). Let a = 2k be an even integer and suppose that
u = (u1,us,...,ur) is a positive solution of (L2). Then

(=AY u; >0 fori=1,2,...,L,j=1,2,...,k—1.

Proof. We start by proving the result for a single differential inequality then prove it for
the general systems, which follows naturally from the scalar case. Suppose u is a positive
solution of the differential inequality

(=A)ru(z) > Clz|u(x)?, = € R™\{0}. (2.1)

We assume p > 1 and o € (0, «), since the unweighted case when o = 0 was treated in [9]
(see also [T, [36]). Set ‘
uj = (=AY "ty for j=1,2,...,k. (2.2)

Step 1. First, we show that ug > 0. On the contrary, we can have two cases:

(a) uk(xo) < 0 at some non-zero point xo;
(b) ur > 0 and ug(xg) = 0 at some non-zero point xg.
However, if case (b) holds then ¢ is a local minimum, but this contradicts with —Aug > 0.

Thus, we only consider case (a). In addition, we define the average of a function v on the
ball of radius r centered at To by

1
0B, (Zo)| Jog, s

After a reduction of (2] into a second-order system via (Z2]), then applying averaging
centered at xp and using the well-known property Au = Au, we get

o(r) =

v(x)ds.

— Ay = Uy,
— Aty = us,
(2.3)
- Aﬂkfl = Ekv
— A > 0.
From Hélder’s inequality,
) p
u(r)? = u(x) ds
<|3B (o)l JoB, (z0)
1 o 1 ()P
- u(w
< |x|»=1 ds ds
(|aB o)l Jos. oo ) <|aB ol Jo, oy Tol7 )
1 u( )P
<@ e ds,
0B, (20)| Jop, (@) 1717
where a, := (Jzo| + r)?. Thus,
— Aty = —Auy, > Ca:lﬂp. (2.4)



We claim that after sufficient applications of averaging and re-centers, the resulting solution
satisfies an alternating sign property.

Claim 1: After sufficient re-centers of u; and denoting the resulting functions by @;, we
obtain
U < 0,Up—1 > 0,052 < 0,Ug_3 >0,.... (2.5)

Proof of Claim 1: From the k*" equation in ([2.3]), we get
uy,(r) <0 and Tk (r) <uE(0) <0 for all r > 0.
Then the (k — 1) equation implies
—(r" M (1) = " () < TR (0)r" Tt = —er™ L
Upon integrating we get

Wy (1) > %T and g_1(r) > ux—1(0) + %’IJ for r >0,

so that we can choose ry sufficiently large such that @,_1(r1) > 0. Now, choose some
x1 € 0B;,(0) to be the new point to re-center and apply averaging to the system to get

ux—1(0) > 0,
and notice that @, for j = 1,2,...,k satisfy ([2.3). As before, we get
T,y >0 and Ty_1(r) > Tg_1(0) > 0 for all r > 0.

Thus,
ik < 0 and ikfl > 0.

From the (k — 2)t" equation, we get

—(r" o (1) =" Ty (7)) 2 T (0)P T = e
and integrating this yields

=/ C = = c 2

Up_o (1) > T and Tp—2(r) < uk—2(0) — o’ for r > 0.

Then choose 72 large enough such that ug_2(re) < 0 and pick a point zo € 8B,,(0) to be
the new point to re-center to get

%k < 0,%1@_1 >0 and %k_g < 0.
By repeating this procedure, we arrive at the alternating sign property after sufficient re-
centers. This completes the proof of Claim 1.

From Claim 1, we must take k to be an even integer, otherwise we get a contradiction
with the positivity of u. Henceforth, we assume £ is even. Now, define the rescaling of v by

up(z) := A u(Ax) (2.6)

and notice that (2] is invariant under this scaling i.e. for any A > 0, u remains a solution
of @1). By 23), —Au < 0, which implies @'(r) > 0. Thus,

a(r) > a(0) =c¢o > 0.



By the scaling invariance, we can choose u) to be as large as needed. Thus, for any ag, we
may assume
a(r) > ap > aor® forall 0<r<1

where the positive number §y is specified below. From (2.4]), we have
(N (1) 2 Cafpn T,
Integrating this twice with respect to r and applying (Z.3]) yields

Cagr2+pﬂ°
(n+pBo)(2 +pbo)

ﬂk(T) S —

Then 248
pP,n—1+42+Bop
Cagr 0

_(on—11 ! on—1~ _
(r" gy (r) =", < (n+pBo)(2+ pBo)’

and integrating this twice yields

CaPr22+pho
0
(n+pBo)(n + 2+ pBo)(2 + pBo)(2 - 2 + pPo)
S CagTQ'Qerﬁ“
T (n+24+pB0)%(2-2+phy)?
Ca8r2'2+ﬁ°p
T (n+2-24+pB)*?

Up—1(r) >

By continuing in this manner, we obtain

P,.2k+pBo P,.m+pLo
fitr) 2 (n ia;l:+ pBo)*k (ijfpﬁo)mj me=n 2k @7)
Choose Gy so that Sop > m and define
aP
Br+1 =2Bkp and a1 = W

so that fr11 > m + Brp and B — oo as k — oco. Notice that assertion (Z7) shows that
a(r) > ap > air® forall 0<r<1.
If we apply the previous argument successively, it is not too difficult to show that

a(r) > apr® for k=0,1,2,.... (2.8)

Claim 2: Choose I so that I(p — 1) > 2 and further suppose 3y > 2!*+Ppl. Then
a? > (Bp)™ ) k=0,1,2,.... (2.9)

Proof of Claim 2: To prove (2.9), we proceed by induction. The initial case k = 0 holds
immediately since we are free to choose ag to be as large as needed. Now assume the k"
case holds i.e.

az > (ﬂkp)m(lJrl)-



Then

ar 1P
apy _ |:(2ka):| > (Bp)Pm U+
(Be41p)™EHD (pBryr)m D = pm+n) (2ka)mp5m(l+l
- I(p—1)—1
(Bp)m ) A

p l+1)(2ﬂkp)mp+m(l+1) - 9m(1++p) pm(I+2+(1-p))

" Bk " Bo "
= [ 1+l+ppl+2 = 1)] = [21+l+ppl = T+

> 1.

Hence, the (k + 1)*" case holds and this completes the proof of Claim 2.
Consequently, estimates (2.8) and (29) imply

a(1) > ag > (Brp) ™HFD/P 5 00 as k — oo,
which is a contradiction. This proves u > 0.

Step 2. We prove u; >0 for j =2,3,...,k— 1.

On the contrary, assume that uj, < 0 at some point for jo # k. Since uy > 0, we
can assume that w;,41,ujy42,...,ur > 0. By adopting the same arguments in the proof of
Claim 1 with several re-centers and denoting the resulting functions by @;, we obtain the
alternating sign property

U1 > 0,02 <O0,...,U%j,—1 > 0,85 <0 and Uj 41, Ujo+2,.-.,Uk > 0.

Thus, by the positivity of u we obtain —Au < 0 and @ > 0, which implies

a(r) > a(0) = ¢o >0 for r > 0. (2.10)
Then from the k' equation we get

—(r"Yag(r)) > Ca ta(r)yPrmt > Ca trm
where a, := (C' 4 r)?. Integrating this with respect to r yields
—riif(r) > Ca, 'r?
then applying the standard identity (see Lemma 3.1 in [27])
(n — 2)ax(r) + ri(r) >0 (2.11)

yields
ax(r) > Ca, 'r?. (2.12)

Then integrating the (k — 1) equation, —(r"~ta), ,(r)) = r" tag(r), yields
—rit)_,(r) > Clig(r)r?.
Combining this estimate with ([212) gives us

U1 (r) > =Crif_,(r) > Ca,; r?2.



By continuing in this way up to the (jo + 1) equation, we obtain
ijo11(r) > Cay tr?m0),

From here, we basically mimic the steps at the end of Claim 1; that is, from the ji" equation,
— A, (r) = @jy1(r) > Ca; r2(F=J0) " and since @, < 0, we can easily obtain

Uy (1) < —Cay tr2hio)+2,
Likewise, the (jo — 1)*" equation and Uj,—1 > 0 will imply
ﬂ‘jo*l( ) > OCL 2k J0)+22

We continue in this way using the alternating sign property with the positivity of u to arrive

at the improved lower bound
a(r) > Ca'r?k. (2.13)

Therefore, if 2 — o + (2k — o)p > 0, we can integrate the resulting inequality from the k"
equation,
—(Tn_l’&,;c(T))/ > Ca;l,r,n—l ( )p > Ca 1 P 1( _1T2k)p,

to get for some fixed rg > 0
g (r) < dg(0) — Cr2=ot k=P for r > pq.

Then we can choose R suitably large so that @, (R) < 0, but this is impossible. Otherwise,
if 2— o0+ (2k — o)p < 0, we can repeat the procedure for obtaining ([2I3)) to find a suitably
large m > 1 depending on p for which 2 — o +m(2k — o)p > 0 and a(r) > C(a;1r?*)™. By
applying this to the k' equation and integrating, we will arrive at the same contradlctlon.
This completes the proof of Step 2.

Step 3. We are ready to prove the theorem for a system of poly-harmonic equations.
Assume the contrary; that is, assume for some i, jo,

(=A)°u;, <0 at some point. (2.14)

Set v =uy+us+...+ur and ve = u;, +€ Zi io Wi for each small € > 0. In view of condition
(LI0)), we can find p > 1, 0 € [0, &) and a suitable constant Cs > 0 such that for v > 4,

(—A)kve(:c) > |z 7% fi (z,u1,. .., ur +eZ|x| ifi(zyug, ... up)
i#ig
> eCslz| ™ ve(z)P.

Here we can apply the same procedures in steps 1 and 2 that we used to derive the super
poly-harmonic property for (21)) to arrive at

(=AYv >0, for j=1,2,....k—1.

Then, by choosing e sufficiently small, we can arrive at a contradiction with (2I4]) thereby
completing the proof of the theorem. O

10



Next are two lemmas concerning integrability properties of solutions whose proofs re-
quire the following basic results on a fundamental boundary value problem. For each r > 0,
let @, (x) be the solution of

(—A)ep(@) = bz, (2) in By(zo),
p=Ap=...=AF1lp=0 on 9B.(x0),
where 0., (x) = 6(x — o) is the centered Dirac delta function. Then
9 _
%[(—A)kﬂ%(x)] <0 on 8B, (o), for j=1,2,... k; (2.15)
0 k—j C _
|5 (=)o @)]| £ iz on OBy(wo), for j=1,2,...,k: (2.16)
c
., ¢ : 2.17
or(x) — T as r — oo ( )
and c
_A)-1
(=AY Fpp(x) — o 2o as r — oo (2.18)
for 7 =2,3,..., k. Another basic result we often invoke is the following.

Lemma 2. Ifu € L'(R™) and z is some point in R, then we can find a sequence {r;} — 0o

such that
Tz/ |u(x)| ds — 0.
9B, (z0)

For more details on these basic properties and Lemma [, we refer the reader to [9] [12]
and [21].

Lemma 3. Let o = 2k be some positive integer and let u be a solution of (L2). Write
wij = (A "y, i=1,2,.. L, j=1,2,... k.
Then

C/R ! fi(z,ur(x), ..., ur(z)) de < u;(0) < oo, (2.19)

n |:17 _ $0|n72k|$|oi
and

uij(z) . o
/andx<oof0rl_l’27""L’]_273;---7k- (220)

Proof. Multiply both sides of the i** equation,
(=A)rui(z) = 2|77 filz,ui (), . .., ur(z)), (2.21)

by ¢,(z) and integrate on B,(xg). After successive integration by parts, using the super
poly-harmonic property of solutions and ([2.13]), we get

11



Using this and (2I7), we can send r — oo to get ([2ZI9). The proof of (Z20) follows
from similar calculations by considering the equation u;; = (—A) ~'u; instead of (2ZI)),
multiplying this equation by (—A)*~7*1p,., integrating on B, (o) and then applying (ZIJ).

O
A consequence of Lemma [3 is the following.
Lemma 4. There exists a sequence {r¢} — oo for which
/ o —ds =0 for i=1,2,...,L,j=1,2,....k (2.22)
aBT‘g (Io) TZ

Proof. For each i = 1,2,...,L and j = 2,3,...,k, the result follows directly from (220)
and Lemma 2] so it remains to verify the lemma for j = 1. Observe that from (2.19) we can
find a sequence {r;} — oo for which

[ e, o)
9B, (o)

|I _ $0|n7172k|x|am

m=1

Then Holder’s inequality and (ILI0) imply

/ 7%(;6)”_1 ds
9B, (x0) 1T — To|

c T(n—l—2/€+0’+(n—l)(pi_1))/171'(/ ui(@)"" ds)p_i

— pn—1 9B, (w0) |ZE _ $O|n7172k|x|a

C u; ()P v
(] he
r(2k—0)/pi OB, (z0) |£L' _ $O|n—1—2k|$|a

L =
C (/BBT(IO) fm( ) 1( )7--., L( )) dS)pl.

r(2k—0)/p; |$ _ xoln—1—2k|x|am

IN

m=1
This estimate and (Z23]) imply that we can find a sequence {r;} — oo such that

1
_1/ ui(x)ds =0, i=1,2,...,L.
aBTE(LE())

n
Ty

This completes the proof. O

2.2 Proof of Theorem [1

We begin by showing the solutions of the PDE system are, up to a multiplicative constant,
solutions of the integral system. First, multiply both sides of the i*" equation,

(=A) ui(e) = |2~ fi(z, ua(2), ... ur(z)),
by ¢r(x) then integrate on B, (zg). As before, we calculate
[l ), un@)en o) do
BT(LE())
. )
— u Y [ (= Ak
w@ X [ w@g At e @] @

Jj=1

12



From (2I6]) and Lemma[4] there exists a sequence r := ry — oo in which the boundary inte-
grals in (2:24) vanish. By virtue of (ZI7)), (219) and the Lebesgue dominated convergence
theorem, we conclude that

1
wilzo) :c/ (W) un(y))dy, i = 1,2, L.
o o — g g

Conversely, showing that the solutions of (LI]) are solutions of (2) follows from more
elementary arguments. Namely, since c|z|*~™ is the fundamental solution of (—A)¥u = &,
differentiating the integral equations with respect to x and using the convolution properties
of the Dirac delta function will show that positive solutions of the integral equations satisfy
(T2). This completes the proof of the theorem. O

3 Proof of Theorem

Prior to proving Theorem [, we establish a general Liouville type theorem for the Hardy—
Sobolev type system with any pair of double bounded coefficients.

Theorem 6. Let p,q > 0. Then the integral system [L3) has no positive solution for any
double bounded coefficients c1(x) and co(x) whenever pg <1 or if pg > 1 and

>n—a. (3.1)

max alg+1) = (o1 + 0’211)7 a(p+1) — (02 + 01p)
pg—1 pg—1

Remark 3. We also refer the reader to the earlier papers [4, [13] for more Liouville type
theorems and other interesting results related to the Hardy—-Sobolev type systems.

Proof of Theorem[d. We proceed by contradiction. That is, assume there is a positive solu-
tion (u,v). Let |z| > R for some suitable R > 0. Note that |z — y| < 2|z| for y € Br(0) and

there holds
v(y)* c

Br(o) [& =yl lyl7r 7 T a0

where ag = n — «. This estimate and the integral equations imply that for |z| > R,

u(z) > C

)

—Ppao C
U(.I) z O/ |y|n—a o dy = bo’

where by = pag — o + o2. Hence, for |z| > R

—qbo C
u(zx) > C/ vl — dy > ,
B‘m‘/g(z) |‘T - y|’ﬂ Ol|y|(71 |‘CC|UI1

where a; = gbyg — a + 01. By induction, we obtain

u(z) > L and v(x) > % for |z| > R,
|0

where
ap+1 = qby —a+ o1 and by =pap —a+ o9 for k=0,1,2,....

13



It follows that

aj =qbj—1 —a+ 01 =pgaj—1 — a(l + q)o1 + o2¢q
=pq(gbj—2 —a+o01) —a(l +q) + 01 + 02q
= (pg)®a;—2 — (a(1 +q) — (01 + 02q))(pg + 1)
= (pg)’a;j—3 — (a(1 +q) — (01 + 029))((pg)* + pg + 1)

= (pa)’ a0 — (a(1 +q) = (01 + 020))((pa)’ ™" + -+~ + (pa)* + pg + 1).
There are two cases to consider: when pg € (0,1] and when pg > 1.
Case 1: Suppose pq € (0,1]. If pg = 1, then [B2) implies that
a; =ap — jla(l 4+ q) — (01 + 02q)) = —©
and b; — —oo as j — oo. If pg € (0,1), then (B.2) implies that

a; = (pq)j(n —a)—(a(l4+q) — (o1 + U2Q))(2;Jq)]%11

= (pa)’ <n—a _ol+q) - (o +U2Q)> " a(l+q) — (01 + 02q)

pg—1 pg—1
1 —
—>a::—a( +a) — (01 + 020) <0 as j — oo.
1—pgq

(3.2)

Thus, b; - a — a+ 02 < 0. In any case, we can choose a sufficiently large jo so that

aj,,bj, <0 and

q —qb;
wref o e,
Re\Br(0) 1T — Y["*|y|7 Re\Bp(0) 1T — Y|"[y[o

o0
so [T
R

r
Thus, u(z) = oo, which is impossible.

Case 2: Suppose pg > 1.
1. Let

n— o< M:— max 04(‘]4'1)—(01+0'2(J)704(p+1)—(0'2+0'1p) '
pqg—1 pg—1

First, assume M = W. As in Case 1, (32) implies

NG a(l +q) — (01 + 02q) a(l+q) — (o1 +029)
aj—Om)(n—a— o1 )+ =1

— —00

as j — oo. Thus, u(x) = oo, which is impossible. On the other hand, if pg > 1 and

M = aptl)=(o2+01p)
- .pg-1
contradiction.

14
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2. Lastly, we consider when pg > 1 and M = n — a. Without loss of generality, we assume

n—oa= —a(p+1)z);£°12+01p). We see that

1 v(y)? 1 u(y)?
u(x) > — / dy and v(z) > — / dy.
(R+ |z))"=* JBao) W7 (R+ |z)"=* g l¥7?

From this, we obtain

p
P C q

/ u=) e E F— / 2w) dy |
Br(0) 7|72 Rn=ojptoz=n \ Jp oy |y|o

q
q p
Br(o) |77 Rn=ator—n \ Jp ) |y|o2

Pq
P p
/ u(x) e > C / u(z) dy
Br(0) ||z R(n—a)p+o2—n+p(g(n—a)+o1—n) Br(0) ||z

u(x)p pq
>C </BR(0) PE dy) , (3.3)

where we are using the fact that

and

Then

(n—a)p+os—n+plgn—a)+o—n)
=(n-—a)p+or—n+pg(n—a)+op—np
=(pg—1)(n— ) = {a(l +p) — (02 + 01p)}

pg—1)(n —a— M)

0.

Thus, the constant C' > 0 in (B3] is independent of R. By sending R — oo we get
|z|~72u(z)P € L'(R™). By applying similar calculations used in the derivation of [B.3]), we

obtain »
p D

/ u(xg) dz > C / u(xc,) dy |
Bar(0)\Br(0) |%[72 Br(o) |27

where C > 0 is independent of R. Sending R — oo yields

P
/ @) dr =0,
re |2]72

which implies that © = 0 and we arrive at a contradiction. This completes the proof of the
theorem. O

Proof of Theorem [2. It suffices to show the existence of positive solutions for system
(@T3) when pg > 1 and (LII) holds, since Theorem [0 basically states that this existence
result must then be sharp. We show that candidates for solutions are the radial functions

1 1

AP and v(z) = ————— (3.4)

’LL((E) = (1 + |$|2)02 )

15



where

1 - 1 _
29, — all+q) —(o1+029) o 20, — a(l+p) (o2 +01p)

pg—1 pg—1

Notice that (ILII) implies
a<201p+os<n and a < 20q+ 01 <n. (3.5)

Note that if |z| < 2R for some suitable R > 0, u(x) and v(z) are proportional to
Iz — YW gy and Jgn ‘17% dy, respectively. Thus, we only consider |z| > 2R.

m Jz—y[m o y[71 y[m e fylo2

First, it is clear that

q q C
/ U(rlyza o dy Z n—ao / (ycr) dy Z 2\q02+01/2—a /2"
e |z —y|r eyl || Biay/2(0) 1Y% (14 [z[?)902Fn

This implies

—1
v(y)° ¢
— U gy) < <c
u) (/]R |z =yl eyl y) (L faf)fratemon/2ra/z =

since 61 — g2 — 01/2 4 «/2 = 0. On the other hand,
q
/ —U(y_) dy
e |z —y|m eyl

q
([ ] L
Br(0) Big/2(x) BRr(0)C\B|y|/2(x) |z —yl lyl

=L+ 1L+,

where

v(y)? c 1
I :/ dy < S
Br(0) |z —y[" |yl (L + [2P)=72 [, o) [yt
S S
T (L4 [zf?)nme)/2

v(y)? C 1
I, = / —————dy < —dy
Bl ja(a) [T = y|" [yl (L [a?)a2 4012 Jp oy o=yl
C
< .
- (1 + |x|2)q02+01/2—a/2’

1
13:/ szy—)a o ygc/ n—o 2q0>+o0
Br(0)°\B|y) 2(z) |z —y|"y|o Br(0)°\B|a)2() |z —y|r—o|y|2a62 o

< O/OO Tnf(nfoc+2q92+a'1) ﬁ
|=|/2 r
C
< .
- (1 + |x|2)q92+01/2—o¢/2

16



These estimates imply

v(y) 1 1
dy < C
/Rn o —ylnefylr ¥ = {(1 P A FE P

<c 1 1 1
- (1 + |I|2)q92+01/270¢/2791 + (1 + |I|2)(nfa)/2791 (1 + |:Z?|2)91

< Cu(x),
since (LII)) implies (n — «)/2 — 61 > 0. Therefore,
1 v(y)* v(y)!

= —dygu(z)gc/

C Jen |z —y[*=y| e |2 =y ey
for some suitable constant C' > 0. Hence,
v(y)?
u(z) = Cl(x)/ [P r————,l
re [z —y[rmy|n
for some double bounded function ¢; (). Similar calculations show
u(y)”
v(x) = 02(90)/ - dy
re [z —y[" oyl
for some double bounded function cz(z). This completes the proof of the theorem. O
Remark 4. Instead of solutions with the slow rates, we can also find solutions of the form

B4) with the fast rate 201, = 205 = n — « provided the following stronger conditions hold:
p > =22 and q > “=2-. The proof of this involves similar calculations as before and so we

n—« n

omit the details.

Proof of Corollary [Il This follows immediately from Theorem 2l provided (3] and (T4)
are equivalent in the following sense.

Equivalence: From Theorem [I] the classical solution of (4] satisfies

wr) = [ O

n |z — yl"‘“gyl"l
ca(y)u(y)”
re |7 —y[" oyl
for some positive constants a; and as. Clearly,

1/ %dygu(x)g(?l/ %dy,

Cy Jrn | —y|"=|y|o re [T — Y[yl

1/ %dygv(:v)g(?g/ %dy,

Cy Jgn |2 =y y|o2 re [T — Y[yl

since ¢1(x) and cz(x) are double bounded. Thus,

(s v(y)?
wr) =) [ e w (36)

) S—
re T —y[" oyl

v(x) = as ,

and

v(z) = az(z)

17



for the double bounded functions

o o(y) -
mile) =l )U =gyl dy]

Y B ) L
@l = )l/ =gl dy]

On the contrary, suppose u and v solve [B.6) for some double bounded functions a;(x)
and as(z). Set wy(z) = u(x)/a1(x) and we(x) = v(x)/az(x). Then for any pair of constants
¢1 and é2, (w1, ws) satisfies

and

)

. c1(y)wz(y)?
y)

wi(z) =¢ T in—allor
Pl
- c2(y)wi
wa(x) = 02/ By,
e |z —y[refyl
where ¢ (z) = az(x)P/¢; and ca(x) = a1 (x)P/é2. Hence, by the equivalence result of Theorem
[0l we can choose ¢; and ¢ such that

(=802 ) = a ) "2
(=) (o) = ealo) T

for double bounded functions ¢; (z) and cz(z). This completes the proof of the corollary. O

4 Proof of Theorems 4] and

Remark 5. Hereafter, we deliberately neglect the case when p € (0,1] for (LI2) in Theorem
and when pq € (0,1] for (LI4) in Theorem[d, since the non-existence of positive (radial
or non-radial) solutions for these follows from Theorem[@ and its scalar counterpart.

As discussed earlier, these two Liouville type theorems stem from two essential ingredi-
ents: the decay estimates for radial solutions and integral forms of Pohozaev type identities.
The following lemma addresses the former ingredient.

Lemma 5 (Decay of radial solutions). Suppose v = u(r) (r = |z|) is a positive radial
solution of (ILI12), then there holds the decay property

u(r) < Cr=v1, r>0.

Proof. From the integral equation and the decreasing property of radial solutions, we have

P
u(r) > / —u(z)ﬂl —dy > CT"_("_O‘+‘7)u(T)p > Cr* u(r)P.
B.(0) [z —yl" "y

The result follows by directly solving for u in this inequality. O
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As a result of the decay properties of radial solutions, we have the following.

Lemma 6. If u is a positive radial solution of (ILI4), then the integrals

[t wna [ M ) i

|7 nfal

are finite.

Proof. Since o < n, the integrals fBR,(o u(lm)l" dx and fB ) ICEI" (x Vu(z)) dx are finite
for each R > 0. Thus, it suffices to show that the following integrals converge:

= u(x)p-‘rl T an = U(x)p X u\xr X
Al._/BR(O)C d dAQ._/ (z - Vu(z)) da.

|| Bro)c |7|7

From Lemma[f and the standard identity we invoked in (2.I1]), we obtain

[As] + 142 < © / u(r) e (r)|r" = ﬁw / u(ryp+ipn—e 4

R T
p+1 n— cr P (a— a’)L dr
<C < C —,
r
. . . ’Il+a—20’ . .
where the improper integrals are convergent since 1 < p < "2==2 implies

n o (a—o0o)(p+1) :p(n—a)—(n—l—a—Qa) <0
p—1 p—1 '

O

Proof of Theorem [l Assume that u is a positive radial solution of the integral equation.
We rewrite the integral equation as

p p
u(Az) = / L) S U / L)
re (AT —y[r e y] R |7 = z["7e 2]

Differentiating this identity with respect to A on both sides yields

u(Az)P d +)\a/ pu(Az)P~1(z - Vu) &

n |z —znmefz) |z — 2"z

z-Vu(Ar) = (o — o)A\ 7! /R
Set A =1 to get
z - Vu(z) = (a - o) / ) / pu() Nz V)

n | — 2|7 2|7 T —zZ" Yz
R

= (o — o)u(x) + / 2 Vu(2)” dz. (4.1)

re |7 — 2["ez]7

To handle the last term in (1]), an integration by parts yields

. p p
JAPE=ECOEPR Y S A
Br(0) |z — 2| |2| dBR(0) |z — 2| |2

[ R (C Y SR CHY (1
=) J, o o =) [, e e 4

x — 2P| (0 |
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where the boundary integral vanishes
we obtain the identity

x - Vu(z) =

u(@)”

Bl

If we multiply this by &

s

(x - Vu(x))dx

~(n - aule) + (n—a) [

as R — oo since [, E ulz)” gz < co. With this,

_Z‘nfoclzld

(2 (o =P

o= 2]

n

and integrate over R we get

(@)t / / (z — 2))u(x)Pu(2)?
= —(n— - dzdzx. 4.2
wmo) [ =t [ G 62
Noticing that z - (z — 2) + - (2 — ) = —|z — 2|2, we have
— p p
/ / (@ nza+§x) WG ——/ / Ve,
n Jre |$—Z| |z[7]z] " n|17—2| |I| 2|
Thus,
P
/ wo o ulz)) do
re |27
u(z)P / / Ju(x)Pu(z)?
= — (n— d dzd
e [ et [ [ G e
u(z )p-i-l n—a p+1
= —(n—a)/ dx + /
no x| 2 n |3:|‘7
n—a« u(z)Ptt
-3 / PG dx. (4.3)
In view of Lemma [6] integration by parts yields
p 1
/ u(x()} (x - Vu(z))de = —— xg -V (u(x)Pth) da
Br(0) 17| L+ JBgo 7]
_ p+1 p+1
o) [t e,
1+p Jpapo) lzl7 oBr(0) |7|°
=0(1) as R—oo
Thus,
p _ p+1
/ u(@)” (x - Vu(z ))dm:—(n U)/ u(z) dx.
R 2|7 1+p Jgn |z|7
Inserting this into (@3] yields
n-o n-a / W@ o,
1+p 2 n|zle
but this contradicts with (II3). This completes the proof of the theorem. O
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The proof of Theorem [lis similar to the proof of Theorem[l First, we need the following
lemma on the decay estimates for radial solutions.

Lemma 7. Suppose (u,v) = (u(r),v(r)) is a positive radial solution pair of ([LI4)), then

a(1+g)—(o1+029)
Pg—1

a(l+p)—(oa+o1p)
Pg—1

u(r) < Cr™ and v(r) < Cr~ , 7>0.

Proof. From the integral equations and the monotonicity of radial solutions, we obtain

q
u(r) > / —U(}Qa —dy > Cr"_("_o‘+‘71)v(r)q,
B.(0) [T —yl" "yl

q
o(r) > / LC) L
B,(0) [T —y[""y|™

Thus, u(r) > Cr*~ %t v(r)? and v(r) > Cr*=“2u(r)?, and the result follows by solving for u
and v in the estimates. O

Cr"_("_"“““z)u(r)p.

As a result of the decay property of radial solutions, we obtain the following.

Lemma 8. Let (u,v) be a positive radial solution of (LI4).

/ U(I)p(a:-Vu(x))dx, / ) u(@)! da,

Then the following integrals

n 2] |72
q q+1
/ v(x) (x - Vou(z))dz, and / v(z) ,
re |27 e

are finite.

Proof. As in the proof of Lemma [6 it suffices to show the following integrals converge for
any finite R > 0:

w&FAW%%i,
(b) By := /B . ”(ﬁfzﬂ :
(¢) Bs:= /B o Il‘ifjp (z - Vu(z)) da,
(d) By := /BR(O Tg(ﬁq( - Vo(z)) da.

From Lemma [7 and the standard identity we used in (ZI1]), we obtain

Bl + 1B < [ "@<>mmn—+c/ el

<C/ F=02y, p+1 <C/ —oo— 0¢(1+q)p (01+02¢J)(p+1) dT

r

a(l4q)—(c14+029)+a(l+p)—(oa+o1p) dr
<o [Tme ,
r
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since the subcritical condition (LTH) is equivalent to

a(l+q) = (01 +02g) + a(l + p) — (02 + 01p)
pq—1

>n—a.

This proves the convergence of the integrals in parts (a) and (¢). Parts (b) and (d) follow

similarly.

O

Proof of Theorem [Bl On the contrary, assume (u,v) is a positive radial solution pair. As

before, we obtain

(o =2

d
z-Vu(z) = au(/\:v) N —(n—aju(z) - (n—a) /n |z — 2[n—a+2[z|o

If we multiply this by |z|72u(z)? and integrate over R™, we get

/R u(x)? (z-Vu(z))der = — (n— ) / u(z)P+! .

n 2] le‘”

_ p
(n—a« / / (z — 2)u(@)Pv(2)? dzdx.
n Jrn |T— 27 ‘3‘4F2|9c|‘72|z|‘71

Analogous calculations on the second integral equation will lead to

/R v(I)q(x Vo(z))dr = — (n_a)/n o(z)7+ ,

n le"l

_ p
(n —a) (@ — 2)u(z)"v(@)? dzdz.
n n |x — Z|n O‘J'>2|Z|a’2|f17|a’1

By summing ([@4) and ([{3) together and recalling that z - (x —z)+ - (z — ) =
we get

/R @) Vo)) de +/ U Vu(a)) de = —(n—a)/n o

n |zl me 2] ||

In view of Lemma [§ integration by parts implies

’U(:I:)q - VU(T T U(x)p - vulxr X
/| (@ Vol@)do + [ (@ Va(e))d

R(0) |7t Br(0) 7|72

_ q+1 _ p+1
_ _n-o / v(x) g 02 / u(x) d
L+q Jepo) |zl L+p Jeuo) |27
R q+1 R p+1
Ry P B
L+¢q Jopgo) |27 L+p Jopro) ]2

=o0(1) as R—o0 =o0(1) as R—o0

Sending R — oo yields

’U(:I:)q . v\ X U(x)p - vulx X
| e v+ [ S V)

__Jnza n-o / U(x)qﬂd:v,
1+g¢g 1+p n x|
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where we used the fact that

p+1 q q+1
Pu(z) dzdr = & dx
n |:zc|‘72 n Jrn |T— z|" a|g|o2|z|o n x|

Hence, (£0) and (@7) imply that

n—oy n—o0y v(z)att
+ —-n—a ——dz =0,
{1+q T )}/n ||

but this contradicts with (II5). This completes the proof of the theorem. O
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